We provide a frame-theoretic analysis of oversampled and critically sampled, FIR and IIR, uniform filter banks (FBs). Our analysis is based on a relation between the polyphase matrices and the frame operator. For a given oversampled analysis FB, we parameterize all synthesis FBs providing perfect reconstruction, and we discuss the minimum norm synthesis FB and its approximative construction. We find conditions for a FB to provide a frame expansion. Paraunitary and biorthogonal FBs are shown to correspond to tight and exact frames, respectively. A new procedure for the design of paraunitary FBs is formulated. We show that the frame bounds are related with the eigenvalues of the polyphase matrices and the oversampling factor, and that they determine important numerical properties of the FB. This paper presents a new frame-theoretic approach to oversampled and critically sampled FIR and IIR FBs. Our approach, which extends an analysis of continuous-time Weyl-Heisenberg frames proposed in [13], is based on an important relation between the FB's polyphase matrices and the frame operator. In Section 2, we review FBs, introduce the corresponding type of frames, and show that the FB's polyphase matrices provide matrix representations of the frame operator. Section 3 shows that the frame bounds determine important numerical properties of FBs, and that they are related to the eigenvalues of the polyphase matrices and the oversampling factor. In Section 4, we parameterize all synthesis FBs providing perfect reconstruction (PR) for a given oversampled analysis FB, and we discuss the minimum norm synthesis FB and its approximative construction. Conditions for a FB to provide a frame expansion are formulated, and the equivalence of critically sampled (biorthogonal) FBs and exact frames is discussed. In Section 5, we show that paraunitary FBs correspond to tight frames, and we propose a method for constructing paraunitary FBs from given nonparaunitary FBs. 'For the sake of brevity, we shall henceforth use the term filter bank (FB) instead of uniform filter bank.
A B S T R A C T
We provide a frame-theoretic analysis of oversampled and critically sampled, FIR and IIR, uniform filter banks (FBs). Our analysis is based on a relation between the polyphase matrices and the frame operator. For a given oversampled analysis FB, we parameterize all synthesis FBs providing perfect reconstruction, and we discuss the minimum norm synthesis FB and its approximative construction. We find conditions for a FB to provide a frame expansion. Paraunitary and biorthogonal FBs are shown to correspond to tight and exact frames, respectively. A new procedure for the design of paraunitary FBs is formulated. We show that the frame bounds are related with the eigenvalues of the polyphase matrices and the oversampling factor, and that they determine important numerical properties of the FB. This paper presents a new frame-theoretic approach to oversampled and critically sampled FIR and IIR FBs. Our approach, which extends an analysis of continuous-time Weyl-Heisenberg frames proposed in [13], is based on an important relation between the FB's polyphase matrices and the frame operator. In Section 2, we review FBs, introduce the corresponding type of frames, and show that the FB's polyphase matrices provide matrix representations of the frame operator. Section 3 shows that the frame bounds determine important numerical properties of FBs, and that they are related to the eigenvalues of the polyphase matrices and the oversampling factor. In Section 4, we parameterize all synthesis FBs providing perfect reconstruction (PR) for a given oversampled analysis FB, and we discuss the minimum norm synthesis FB and its approximative construction. Conditions for a FB to provide a frame expansion are formulated, and the equivalence of critically sampled (biorthogonal) FBs and exact frames is discussed. In Section 5, we show that paraunitary FBs correspond to tight frames, and we propose a method for constructing paraunitary FBs from given nonparaunitary FBs. 'For the sake of brevity, we shall henceforth use the term filter bank (FB) instead of uniform filter bank.
I N T R O D U C T I O N Uniform filter banks (FBs)
2We note that our theory can easily be extended to PR with nonzero delay.
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with S ( r ) = R ( r ) R ( z ) .
Thus, the frame operator S is expressed in the polyphase
Similarly, the inverse frame operator S-l can be expressed in the polyphase domain by the M x M inverse UFBF matrix S-l(z) = E(z) E ( z ) . Specializing to the unit circle ( z = eJ2"'), it can be shown that S(eJ2"') = R(eJ2"') RH(eJ2"e) and S-'(eJ2"'j = EH(eJ2"') E(eJ2"') are matrix representations of the rame operator S and the inverse frame operator Sa', respectively [17] . Most of our subsequent discussion of FBs will be based on these matrix representations.
An important consequence of Theorem 1 is the equality of the eigenvalues of the frame operator S and the eigenvalues A, 0) of the UFBF matrix S(e32"e) = R(eJ2"') RH(eJ2"') [17\. Thus, the frame operator (a eigenanalysis of an
Similarly, the eigenvalues of the inverse frame operator S-' equal the eigenvalues of the inverse UFBF matrix S-1(eJ2"e) = EH(eJ2"') E(eJ2"'), which will be denoted A;(@). The ma-S-'(eJ2"') can be shown to be positive their eigenvalues are positive. [ll], respectively, of the eigenvalues Ak(e) of the inverse UFBF matrix S-'(ejzne) = EH(ej2"') E(ej2"'), 
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A' = essinfeE[o,i),n=o,i ,..., M -i X ( e ) B' = esssupeE[o,i),n=o,i ,..., M-i xk(e).
PERFECT RECONSTRUCTION AND

FRAME PROPERTIES R(z) E(z) = IM, ( 8 )
where IM is the M x M identity matrix. This condition has solutions R(z) for given E(z) if and only if E(z) has full rank rank{E(z)} = M , almost everywhere. Any solution of (8) can be written as
where a(,), the para-pseudo-inverse of E(%), is a particular solution of (8) defined as
and W(z) is an N x N matrix with arbitrary elements Wk,l(z) satisfying IWk,l(ej"'))I < 00.
In the oversampled case N > M , the nonuniqueness of the synthesis FB for given analysis FB as expressed by (9) We now formulate conditions for a FB to provide a UFBF expansion. In addition to PR, the frame property guarantees a certain degree of numerical stability (see Section 3).
Theorem 3 We note that Theorem 3 holds for both FIR and IIR FBs. For the FIR case, where stability is inherently guaranteed, the full rank condition has been found independently in [8] .
In the following, a FB providing a UFBF expansion in Z2 Z will be called a frame FB (FFB) . It can also be shown 1171 that an FB is an FFB if and only if the eigenvalues Ak(e) of the inverse UFBF matrix S-1(ej2"e) = EH(ej2"') E(ejZne) satisfy the conditions essinfe, [0,1),~=0,1,..., ~-1
In the case of an FFB, it follows from (10) that calculation of the minimum norm synthesis FB requires the inversion of the matrix E(z)E(z). However, by analogy to the approximation of dual frames described in [ll], a simple approximation to the synthesis FB can be based on a series expansion of S(z) = [E(z)E(z)]-l which results in matrix E(z) has I ull rank on the unit circle, i.e., and esssupe E[o,l) ,n=o,i, ..., M-1 %(e) < 00.
We shall restrict our attention to the first-order approximation of R(z) obtained by truncating this series at n = 0, The linear independence of the set (fk,-[n] for a critically sampled FB has also been observed in 151, and the biorthogonality has been reported in [16] . Note that Theorem 4 implies that an oversampled UFBF cannot be exact and, hence, the corresponding FB cannot be biorthogonal. 
PARAUNITARY FILTER BANKS AND
The equivalence of tight Weyl-Heisenberg frames (a subclass of UFBFs) and paraunitary DFT FBs has been noted in [6] and independently in [7, 8] Theorem 6. Consider an FFB with polyphase matrices E(z) and R(z), and let p(,) be an invertible, ~a r a h e r m i t i a n ,~ M x M matrix P(z) such that Pz(z) = E ( z ) E(z). Then the FFB with analysis polyphase matrix Ep(z) = E(z) P-'(z)
is paraunitary with frame bound A' = 1, i.e., S,'(z) = Ep(z)Ep(z) 5 IM. If, moreover, the original FFB is biortho onal, then the FFB with analysis polyphase matrix Epr.) is orthogonal.
CONCLUSION
We have shown that the theory of frames is a powerful vehicle for the analysis and design of oversampled uniform filter banks (FBs). The frame-theoretic analysis of FBs was seen to be consistent with many results previously derived in the FB literature, and it also provided a number of new results and insights. In particular, we showed that most of the results formulated in [7, 8, 101 for the FIR case also hold in the IIR case. We discussed the relevance of the frame bounds and the benefits of oversampling. We furthermore presented a general expression of the PR synthesis FB for given oversampled analysis FB, and we discussed the special synthesis FB provided by frame theory.
